Abstract. In this paper, we introduce a new type of Darbo's fixed point theorem by using concept of function sequences with shifting distance property. Afterward, we investigate existence of fixed point under this the theorem. Also we are going to give interesting example held the conditions of sequences of functions.
Introduction
Fixed point theory, which develops as a subbranch of operator theory, is closely related to application areas of mathematics and the various disciplines such as the geometry of Banach spaces, mesaure of noncompactness, game theory and economy, so on. The topological aspect of the fixed point theory, which proceeds in topological and metric terms, is based on the Brouwer's fixed point theorem. The Brouwer's fixed point theorem defined on finite dimensional spaces is generalized to infinite dimensional spaces under the compact operator by Schauder [1] . However, the Schauder fixed point theorem is insufficient for noncompact operators. In addition for noncompact operators, the existence of fixed point is obtained by Darbo's fixed point theorem [8] . The definition of measure of noncompactness was introduced by Kuratowski and Hausdorff [12] . Many mathematicians have used the measure of noncompactness concept and the Darbo's fixed point theorem to solve the integral, differential and functional equation classes and then they have achieved significant results [3, 5, 13] .
The most effective and useful tools of fixed point theory are the concepts of properties in contraction mappings classes. The first of this mapping types is the Banach contraction principle [2] . This principle is used to find existence and uniqueness of solution for a class of linear and nonlinear equation systems and it has been generalized and extended by many authors under different conditions, references therein [16, 7, 10] . In 1984, Khan et al. [11] introduced the concept of altering distance functions and obtained some results on the uniqueness of fixed point in complete metric space. Rhoades [14] extended and generalized this concept to complete metric space and proved a generalized this result by Dutta and Choudhury [9] . Later, Berzig [6] introduced the concept of shifting distance functions and established fixed point theorem which generalized Banach contraction principle. Recently, Samadi and Ghaemi [15] prove some generalizations of Darbo's fixed point theorem associated with measure of noncompactness by using the notion of shifting distance functions and given an application of the integral equation of mixed type.
In this work, we aim to contribute to functional analysis and operator theory by making a generalization of Darbo's fixed point theorem with the help of function sequences. We introduce a new type of Darbo's fixed point theorem by using concept of function sequences with shifting distance property. Afterward, we investigate existence of fixed point under this the theorem. Also we are going to give interesting example held the conditions of sequences of functions.
Preliminaries
Let E be a nonempty subset of a Banach space X. We define E and Conv(E) the closure and closed convex hull of E, respectively. Also, we denote by M X which is the family of all nonempty bounded subsets of X and N X that is subfamily consisting of all relatively compact subsets of X. 
. . and lim n→∞ µ(A n ) = 0, then the following intersection is nonempty.
by the monotonicity of µ, we obtain
So, by (M 1 ), we get that A ∞ is nonempty and A ∞ ∈ Kerµ. Theorem 2.2 (see; [1] ). Let E be a closed and convex subset of a Banach space X. Then every compact, continuous map T : E → E has at least one fixed point. Theorem 2.3 (see; [4] ). Let E be a nonempty, bounded, closed and convex subset of a Banach space X and let T : E → E be a continuous mapping.
Suppose that there exists a constant
for any subset A of E, then T has a fixed point. Definition 2.4 (see; [6] ). Let ψ, φ : [0, ∞) → R be two functions. The pair of functions (ψ, φ) is said to be a pair of shifting distance function, if the following conditions hold
for all k ∈ N, then w = 0.
Main Result
Now we will give the definition of a pair of sequences of functions with shifting distance property and by using this function class, we introduce a new type of Darbo's fixed point theorem. Afterward, we investigate fixed point of mapping according to generalized new Darbo's fixed point theorem. Also we are going to give one interesting example.
Definition 3.1. Let ψ n , φ n : [0, ∞) → R be two sequences of functions. The pair of sequences of functions (ψ n , φ n ) is said to be a pair of sequences of functions with shifting distance property which satisfy the following con-
Definition 3.2. The pair (ψ n , φ n ) is said to be having shifting distance property if (ψ n , φ n ) → (ψ, φ) uniformly in n and the pair (ψ, φ) is shifting distance function.
Lemma 3.3. Let ψ n , φ n : [0, ∞) → R be two sequences of functions. Assume that the sequences of functions hold following conditions (i) if (ψ n ) upper semi-continuous sequence of functions and ψ n ≤ ψ n+1 , then ψ n → ψ convergent (uniformly in n),
(ii) if (φ n ) lower semi-continuous sequence of functions and φ n ≥ φ n+1 , then φ n → φ convergent (uniformly in n).
Then, (ψ n , φ n ) is called the pair of sequences of functions having shifting distance property.
Proof. Let (ψ n ) be increasing and bounded by ψ(u), also let (φ n ) be decreasing and bounded by φ(v). By using condition (i) of Definition 2.4, we get
Hence we can write for all n ∈ N (3.1) ψ n (u) ≤ φ n (v).
Taking limit on both sides of (3.1),
By using condition (ii) of Definition 2.4, for {u
for all n, k ∈ N, taking limit and we get
That is (ψ n , φ n ) is the pair of sequences of functions with shifting distance property.
Theorem 3.4. Let E be a nonempty, bounded, closed and convex subset of the Banach space X. Suppose that T : E → E is a continuous mapping such that
for any nonempty subset A ⊂ E, where µ is an arbitrary measure of noncompatness and ψ n , φ n : [0, ∞) → R be the pair of sequences of functions with shifting distance property. Then, T has a fixed point in E.
Proof. We define a sequence {A k } such that A 0 = A and A k = Conv (T A k−1 ) for all k ≥ 1. Then we get
By repeating process mentioned above, we have
If there exists an integer k ≥ 0 such that µ (A k ) = 0, then A k is relatively compact and since
Theorem 2.2 implies that T has a fixed point in Schauder's sense on the set A k for all k ≥ 0. Now we assume that µ(A k ) > 0 for all k ≥ 0. By using (3.2) we have
Let us consider (3.2). Then we obtain that {µ(A k )} is a decreasing sequence of positive real numbers and there exists p ≥ 0 such that µ(A k ) → p as k → ∞. By using (3.3) and Lemma 3.3, we have
By condition (ii) of Definition 3.1, we get p = 0. So we have µ(
A k is nonempty, closed, convex, and invariant under T. Hence the mapping T belong to Ker µ.Therefore, Schauder's fixed point theorem implies that has a fixed point in A ∞ ⊂ A. 
It is clear that ψ n (u) ≤ φ n (v), for all n ∈ N and u, v ∈ [0, ∞). It is easy to see that the pairs (ψ n , φ n ) → (ψ, φ) are shifting distance function. To see this, we have
Therefore (ψ, φ) is shifting distance functions. Now we suppose that u = µ(T A) and v = µ(A). Since
we have
if limit goes to infinity in (3.5), we obtain
As a result,
Therefore, according to condition of Darbo's fixed point theorem, T has a fixed point under continuous sequences of functions. Hence this completes the proof.
If we take ψ n = I n such that lim n→∞ I n = I uniformly convergence for all n ∈ N in Theorem 3.4, we obtain the following result.
Corollay 3.6. Let E be a nonempty, bounded, closed and convex subset of the Banach space X. Suppose that T : E → E is a continuous function such that I n (µ(T A)) ≤ φ n (µ(A)) for any nonempty subset of A ⊂ E, where µ is an arbitrary measure of noncompactness and φ n : [0, ∞) → R be a sequence of function such that
for all n, k ∈ N, then w = 0. Then, T has a fixed point in E.
Corollay 3.7. Let E be a nonempty, bounded, closed and convex subset of the Banach space X. Suppose that T : E → E is a continuous mapping such that
for any nonempty subset of A ⊂ E, where µ is an arbitrary measure of noncompactness and ψ n , φ n : [0, ∞) → R + be a pair having shifting distance property. Also the pair (ψ, φ) is two nondecreasing and continuous functions satisfying ψ(t) = φ(t) if and only if t = 0. Then, T has a fixed point in E.
Proof. Assume that (3.6) holds. If by taking limit on (3.6), we get
Besides, by using hypothesis in statement, we suppose that ψ (µ(A)) = φ(µ(A)). Then we get µ(A) = 0. Under the conditions of Theorem 3.4 , A is relatively compact and then Theorem 2.2 implies that T has a fixed point in E. Conversely, we suppose that µ(A) = 0. Then in (3.7) ψ (µ(A)) = φ(µ(A)). Since µ(A) = 0, it is clear that A is relatively compact. Hence using Theorem 2.2, again, we say that T has a fixed point in E. Also since (ψ, φ) ∈ R + , µ(T A) = 0. So by repeating the conditions of Theorem 3.4, we obtain that T belong to Ker µ. As a result, mapping T has a fixed point in A ∞ ⊂ A.
Corollay 3.8. Let E be a nonempty, bounded, closed and convex subset of a Banach space X and let T : E → E be a continuous mapping. Suppose that there exists a constant k ∈ [0, 1) such that µ(T A) ≤ kµ(A), for any subset A ⊂ E, then T has a fixed point.
Proof. Taking ψ n (t) = I n and φ n (t) = kI n such that I n → I uniformly n in Theorem 3.4, we get Darbo's fixed point theorem, where k ∈ [0, 1).
